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ANTICANONICAL SYSTEM OF FANO FIVEFOLDS
ANDREAS HÖRING AND ROBERT ŚMIECH
Abstract. We show that any Fano fivefold with canonical Gorenstein singu-
larities has an effective anticanonical divisor. Moreover, if a general element
of the anticanonical system is reduced, then it has canonical singularities.
1. Introduction
The anticanonical linear system is a fundamental tool in the classification theory of
Fano varieties, but unfortunately not much is known in higher dimension. In this
note we clarify the situation in dimension five:
1.1. Theorem. Let X be a normal projective variety of dimension five with canon-
ical Gorenstein singularities. Suppose that X is Fano, i.e. the anticanonical divisor
−KX is ample.
1.) Then one has h0(X,−KX) ≥ 4.
2.) Assume that a general element of D ∈ | − KX | is reduced, then D has
canonical singularities.
We expect that Fano varieties with canonical singularities always admit an effective
anticanonical divisor with canonical singularities. In fact the arguments in this pa-
per show that this would be a consequence of the effective nonvanishing conjecture,
attributed to Kawamata and Ambro:
1.2. Conjecture. [Kaw00, Conj. 2.1] Let X be a complete normal variety, and ∆
an effective R-divisor on X such that (X,∆) is klt. Let L be a nef Cartier divisor
on X such that L− (KX +∆) is nef and big. Then H
0(X,L) 6= 0.
Recall that the index iX of Fano variety is the biggest integer such that in the
Picard group we have an equality −KX = iXL for some ample Cartier divisor L.
The divisor L is called the fundamental divisor. Our theorem has the following
consequence:
1.3. Corollary. Let X be a normal projective variety of dimension five with canon-
ical Gorenstein singularities. Suppose that X is Fano, i.e. the anticanonical divisor
−KX ample. Then the fundamental system |L| is not empty, in particular the an-
ticanonical system | −KX | is not empty.
Indeed by Fujita ([Fuj75], [Fuj90, Ch.I, Thm 5.10]) a Fano variety of dimension n
and index iX at least n is a projective space, quadric, scroll over P
1 or a Veronese
surface, so the statement is trivial in this case. The case of index iX ≥ n− 2 was
solved by Iskovskikh and Fujita (see [IP99, Cor. 2.1.14], and Mella’s paper for the
properties of the fundamental divisor [Mel99]). In the case of index iX = n − 3
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a classification is currently out of reach, but Floris [Flo13, Prop. 3.2] showed
nonvanishing in dimension five. If X is smooth and iX = n − 3, the combination
of [Liu17] and [Flo13] yields the existence of effective fundamental divisors in any
dimension. Thus in dimension five the last open case was iX = 1 which is covered
by our theorem.
If X has log-canonical singularities, we obtain a non-vanishing result:
1.4. Proposition. Let X be a normal projective variety of dimension at most
five with log-canonical Gorenstein singularities. Suppose that X is Fano, i.e. the
anticanonical divisor −KX is ample. Then one has H
0(X,−KX) 6= 0.
Since log-canonical singularities may not be rational, the Riemann-Roch compu-
tation from the proof of Theorem 1.1 can not work in this setting. An extension
theorem of Fujino allows us to reduce the problem to a klt pair of lower dimension.
2. Basic facts
We work over the complex numbers. For definitions and basic facts around the
minimal model program we refer to [KM98].
For brevity we will identify line bundles with their first Chern class, i.e. we will
write Lk instead of c1(L)
k. We may observe that we have c1(TX) = −KX = iXL.
Let X be a normal projective variety of dimension n with at most klt singularities.
Since klt singularities are rational, we know that for any Cartier divisor L on X
and any (partial) resolution of singularities µ : X ′ → X , one has
hj(X ′, µ∗L) = hj(X,L) ∀ j ∈ {0, . . . , dimX}.
In particular we can compute the Hilbert polynomial χ(X, tL) on some resolution
via the Riemann-Roch formula. By the projection formula we obtain
(1) χ(X, tL) =
Ln
n!
tn +
−KX · L
n−1
2 · (n− 1)!
tn−1 + r(t)
where r(t) is some degree n− 2 polynomial, with r(0) = χ(OX).
IfX is smooth in codimension two, then the second Chern class c2(X) is well-defined
and we have (e.g [Hör12, Sect. 2])
(2) χ(X, tL) =
Ln
n!
tn+
−KX · L
n−1
2 · (n− 1)!
tn−1+
((−KX)
2 + c2(TX)) · L
n−2
12 · (n− 2)!
tn−2+ r˜(t)
where r˜(t) is some degree n− 3 polynomial, with r˜(0) = χ(OX).
We prove a special case of Conjecture 1.2 in dimension three.
2.1. Proposition. Let X be a normal projective threefold such that −KX is gener-
ically nef, i.e. for every nef Cartier divisor H on X one has
−KX ·H
2 ≥ 0.
Suppose that there exists an effective R-divisor ∆ such that (X,∆) is klt. Let D be
a nef Cartier divisor such that D − (KX +∆) is nef and big. Then we have
H0(X,D) 6= 0.
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Proof. By [Kaw00, Thm 3.1] we can assume that D is nef and big. By [Kol13, Cor.
1.37] we know that X has a Q-factorial modification, by the projection formula we
can replace X without loss of generality by a Q-factorial modification.
Since −KX is generically nef, we know by [Deb01, Thm.3.10] that the variety X is
either uniruled or KX is numerically trivial. If KX is numerically trivial and X has
canonical singularities, then D−KX ≡ D is nef and big and we conclude by [Kaw00,
Prop. 4.1]. If KX is numerically trivial and X does not have canonical singularities,
the canonical divisor KX′ of a canonical modification X
′ → X [Kol13, Thm 1.31] is
numerically equivalent to a non-zero anti-effective Q-divisor. In particular X ′ (and
hence X) is uniruled by [Deb01, Thm 3.10].
Suppose now that X is uniruled. Since X has rational singularities we have
hi(X,OX) = h
i(X ′,OX′) for any i ∈ {0, . . . , 3} and any resolution of singulari-
ties X ′ → X . Since X ′ is uniruled, we obtain h3(X,OX) = h
3(X ′,OX′) = 0. By
[Xie09, Cor. 4] we can also suppose without loss of generality that h1(X,OX) = 0.
Thus we can suppose that χ(X,OX) ≥ 1.
Since D − (KX +∆) is nef and big, we have
h0(X,D) = χ(X,D)
by Kawamata-Viehweg vanishing. Consider the Hilbert polynomial
χ(X, tD) =
D3
3!
(t3 + at2 + bt+ c).
Since D is nef and big and X has rational singularities, we have hj(X,−D) = 0 for
all 0 ≤ j ≤ 2. Thus we have χ(X,−D) = −h3(X,−D) ≤ 0 and
χ(X,D) ≥ χ(X,D) + χ(X,−D) =
D3
3
(a+ c).
Since D3 > 0 we are left to show that a+ c > 0.
Comparing coefficients with (1) we get
a
D3
3!
=
−KX ·D
2
4
and c
D3
3!
= χ(X,OX).
By assumption −KX · D
2 ≥ 0, so we have a ≥ 0. Since χ(X,OX) > 0 we have
c > 0. Thus we finally obtain χ(X,D) ≥ D
3
3
(a+ c) > 0. 
2.2. Corollary. Let X be a normal projective threefold. Suppose that there exists
an effective R-divisor ∆ such that (X,∆) is klt and −(KX +∆) is pseudoeffective.
Let D be a nef and big Cartier divisor. Then we have
H0(X,D) 6= 0.
Proof. By assumption −KX is numerically equivalent to the sum of a pseudoef-
fective and an effective divisor, so it is generically nef. Conclude with Proposition
2.1. 
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3. Proof of the main theorem
Proof of the first statement of Theorem 1.1. By [BCHM06, Cor 1.4.4] we have a bi-
rational map f : X ′ → X such that f∗(KX) = KX′ and X
′ has terminal Gorenstein
singularities. Since h0(X,−KX) = h
0(X ′,−KX′) we will assume from now that X
is terminal and −KX is nef and big.
If L is a nef and big divisor on the terminal variety X we have, by Kawamata-
Viehweg vanishing, that Hp(X,L) = 0 for p > 0. In particular one has χ(X,L) =
h0(X,L).
Suppose now that −KX = iXL, so L is a fundamental divisor on X . By Serre
duality the Hilbert polynomial p(t) = χ(X, tL) satisfies p(t) = −p(−t − iX). We
know that p(t) is given by (2), so by comparing coefficients of p(t) and −p(−t− iX)
we obtain that:
(3) r˜(t) =
iX · L
3 · c2(TX)
2 · 4!
t2 +
(
2
iX
+
i2X · L
3 · c2(TX)
6 · 4!
−
i4X · L
5
6!
)
t+ 1.
Therefore we have obtained the precise formula for the Hilbert polynomial of a
terminal Gorenstein weak Fano fivefold. We are ready to conclude by evaluating
the obtained polynomial for t = iX :
(4) χ(X,−KX) = p(iX) =
(−KX)
5
4!
+
c2(TX) · (−KX)
3
4!
+ 3
and since (−KX)
5 > 0 and c2(TX)(−KX)
3 ≥ 0 by [Ou17, Cor. 0.5] we obtain
h0(X,−KX) ≥ 4. 
Remark. It is interesting to observe that (3) does not imply the nonvanishing for
fundamental divisor in the case iX ≥ 4. For all values of iX we have:
(5) p(1) =
L5
6!
(
6 + 15iX + 10i
2
X − i
4
X
)
+
c2(TX) · L
3
6 · 4!
(
2 + 3iX + i
2
X
)
+
2
iX
+ 1,
but the first term is negative for iX ≥ 4. However if we restrict ourselves to smooth
fivefolds with b2 = 1 then the tangent bundle is stable [Hwa98, Thm 2] and we may
use Bogomolov-Gieseker inequality which in our case has the form:
10c2(TX) · L
3 ≥ 4c1(TX)
2 · L3
to obtain:
(6) p(1) ≥
L5
6!
(
6 + 15iX + 14i
2
X + 6i
3
X + i
4
X
)
+
2
iX
+ 1 ≥ 2
This interplay between stability and effective nonvanishing also appears in [Flo13,
Liu17].
Proof of the second statement in Theorem 1.1. We follow arguments from [Heu16,
Sect. 5]. By inversion of adjunction the statement is equivalent to proving that
the pair (X,D) is plt. Arguing by contradiction we suppose that there exists a
0 < c ≤ 1 such that the pair (X, cD) is properly lc and, in the case c = 1, not
plt. By [Amb99, Lemma 5.1] there exists a minimal lc centre W ⊂ X for the pair
(X, cD) that is contained in the base locus of −KX . Thus the restriction map
H0(X,−KX)→ H
0(W,−KX |W )
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is zero. On the other hand the divisor class
−KX − (KX + cD) = (2− c)(−KX)
is ample, so by [Fuj11, Thm 2.2] the restriction map is surjective. Thus we obtain
that
H0(W,−KX |W ) = 0.
SinceW is a minimal lc centre, there exists by Kawamata subadjunction an effective
Q-divisor ∆W such that (W,∆W ) is klt and
KW +∆W ∼Q (KX + cD)|W ∼Q (1− c)KX |W .
Since c ≤ 1 we see that (W,∆W ) is log Fano or log Calabi-Yau.
Now we use our assumption: since D is reduced, none of its irreducible components
is a minimal lc centre of (X, cD) with c ≤ 1. Thus W has dimension at most three.
If dimW = 2 we have H0(W,−KX |W ) 6= 0 by [Kaw00, Thm 3.1], a contradiction.
If dimW = 3, we obtain the same contradiction by Corollary 2.2 (see also [Kaw00,
Thm 5.1] for the log Fano case). 
Remark. In the setting of Theorem 1.1 the assumption that D is reduced is
equivalent to assuming that the fixed part of the anticanonical system is reduced. If
X is factorial with ρ(X) = 1 the fixed part is always empty: since h0(X,−KX) > 1
the case Pic(X) ≃ ZKX is elementary, if i(X) ≥ 2 we apply [Flo13, Thm 1.1].
Proof of the Proposition 1.4. IfX has canonical singularities we conclude with The-
orem 1.1 for dimX = 5, [Kaw00, Thm 5.2] for dimX = 4 and [Kaw00, Thm 5.1] for
dimX ≤ 3. Thus, since X is Gorenstein, we can suppose without loss of generality
that the non-klt locus is not empty. In particular there exists a minimal lc centre
W for the pair (X, 0). The divisor class
−KX − (KX + 0) = −2KX
is ample, so by [Fuj11, Thm 2.2] the restriction map
H0(X,−KX)→ H
0(W,−KX |W )
is surjective. Thus it is sufficient to show that H0(W,−KX |W ) 6= 0.
SinceW is a minimal lc centre, there exists by Kawamata subadjunction an effective
Q-divisor ∆W such that (W,∆W ) is klt and
KW +∆W ∼Q KX |W .
Thus (W,∆W ) is log Fano.
Now we use our assumption: since X is normal of dimension at most five, the lc
centre W has dimension at most three. If dimW ≤ 2 we have H0(W,−KX |W ) 6= 0
by [Kaw00, Thm 3.1]. If dimW = 3, we have H0(W,−KX |W ) 6= 0 by Corollary
2.2. 
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